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O 1 Abstract 



Nielsen-Ninomiya theorem forbids Weyl fermions on the lattice which respect 
the full hypercubic symmetry. By giving up this assumption in a specific way, it is 
possible to formulate a lattice theory with a single Weyl fermion in four dimensions 
and a sextet of Dirac particles in two dimensions. This way, the meaning of the 
theorem in relation to the doubling problem on the lattice is clarified. Whether the 
proposal will be suited for future lattice computations will depend on the effects the 
extra particles will have in the interacting theory. 
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Formulating Weyl fermions on the lattice is a grand challenge: twenty nine years ago 
Nielsen and Ninomiya have proved that it is impossible to formulate a local Weyl fermion 
on a hypercubic lattice [TJ. The assumptions of the theorem restrict the momentum space 
operator such as it has to intersect the Brillouin zone an even number of times. At each 
intersection we get fermion theories which differ only by the signs in front of the momenta. 
This is the way the doublers proliferate. Later it was shown that giving up the hypercubic 
symmetry one can decrease the number of doublers to a minimum [2]. In this letter we 
show that the hypercubic symmetry may be broken in such a way that the extra zeros 
yield particles without any physical relevance and can be treated as artifacts of the lattice 
regularised theory. 

The letter is organised as follows: first, we define the new fermion operator and show 
that it describes eight fermion degrees of freedom in total. Then we show that two 
such degrees describe a Weyl fermion and the rest of them are six Dirac fermions in two 
dimensions. We end the letter with some specific remarks and conclusions. 

1. Our momentum space operator readsll 



k 

where a is the lattice spacing and <Jk,k = 1,2,3 are the Pauli matrices. Its classical 
continuum limit is given by: 



yielding thus a Weyl fermion as expected. From now on, for the ease of writing, we will 

drop the lattice spacing from the notations and take the continuum limit by formally 

sending momenta to zero. 

1 Basic definitions and unexplained notations are summarised in Appendix A. 
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It is easy to check that the new operator has the following six zeros: 



i . TV TV. 

pf = (±-,0,0,-) , 
p± = (0,±|,0,|) , 
p± = (0,0,±|,|) . 



Indeed, at pf we have: 



W(pf) = i - 1 + i{± %<Jx - 1) = -1 T ffi , 



i.e. one zero for each sign at a time since the right hand side is a projector in the spin 
space. Similarly, one can check the zeros in the other cases. In fact, by solving the secular 
equation, 

= det W(p) = (cosjt>4 — l) 2 — [sinp 4 + ^^(cospfe — l)] 2 — s y^ j sin 2 pk 

k k 

+ 2i (cosp 4 - 1) [sinp 4 + ^(cosp fc - 1)] , 

k 

one can show that there are no more zeros than those stated already! 2 . 

2. It is important to recognise now that the extra zeros located at p^ , k = 1, 2, 3 do 
not duplicate the Weyl fermion at the origin. This is most easily seen if we write the 
operator in terms of momenta centered at the extra zeros. For example, at pf we have: 

W(pf + q) = -1 ± cr 3 cos (? 3 + i(cos g 4 — 1) + % ^(cos q t — 1) 
- sin q A =F i sin q 3 - ^ o { sin qi , 

1^2, 

which, if expanded in powers of momenta, yields: 

WG°3 + 0) = -1 ± 03 - ?4 ± iq3 - &iqi - o"2<?2 + 0(q 2 ) . 



2 Appendix B describes the details of the procedure for the solution of the secular equation. 



It is clear that the projector operator — 1 ± cr 3 destroys the structure of a possible Weyl 
particle in four dimensions: it picks up only one of the signs in front of ^3 at a time, such 
that the dispersion relations of the extra particles are determined by the equations: 

iq 4 = +<?3 , m = ±qi , at p = P3 
m = -<?3 , i<h = ±<?i , at p = P3 . 

These zeros describe particles with definite helicity in the 3 direction associated by a Dirac 
particle in the 1-2 plane. Clearly, such zeros are not doublers. However, since the definite 
helicity states come in pairs with opposite helicity, taken together they describe two Dirac 
particles restricted in the 1-2 and 3-4 planes. This removes any doubt that such a pair 
may form a possible Weyl doubler, which should move unrestricted in four dimensions. 
The same analysis applies for the zeros at pf and pf . 

3. The lattice fermion proposed in this letter contains eight zeros: two of them 
describe a Weyl fermion and the other six describe a sextet of two-dimensional Dirac 
particles. Therefore, this is the first lattice theory that describes a single Weyl fermion 
without doublers which is also local in the strict sense. There are some other remarks in 
order here: 

• Formulation of gauge invariant chiral gauge theories has proven to be a complicated 
and difficult task [3J. In our case, the introduction of the gauge fields can be done in 
the gauge invariant way as it is usual on the lattice. Therefore, one can in principle 
formulate a chiral gauge theory on the lattice which is local and gauge invariant. 
However, the extra particles that accompany the Weyl fermion may complicate 
the situation. Although they should not be given any physical relevance except 
from being treated as lattice regularisation artifacts, they may have the effect that 
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doublers usually have in the cancellation of the chiral anomaly jl]. Nonetheless, this 
feature has to be explicitly shown in a separate calculation. 

• Note that the theory violates the hypercubic symmetry and, as a consequence, the 
Hamiltonian of the corresponding quantum mechanical theory is not guaranteed 
to be self-adjoint. Therefore, one has to perform similar investigations as in the 
case of minimally doubled actions in order to restore the hypercubic symmetry [5]. 
However, the presence of the extra particles in the continuum limit may not allow 
a complete restoration in our case. 

• The Weyl fermion can be used to construct a single Dirac fermion in the usual way: 



where = 1,2,3,4 are the Dirac gamma-matrices in the chiral representation 
and 



Note that, if the term multiplying £4 is missing, we recover the Karsten-Wilczek 
action, which has eight zeros describing two Dirac fermions in four dimensions [2]. 
As in the case of the Weyl theory, the Dirac theory comes with extra particles, which 
should be considered as lattice artifacts. Hence, we have, for the first time, a chiral 
Dirac theory on the lattice which is undoubled and local. 

In this letter we have formulated a Weyl fermion on the lattice without doublers in expense 
of the hypercubic symmetry. This way, we have been able to clarify the meaning of the 
Nielsen- Ninomiya theorem in relation to the doubling problem on the lattice. Whether 
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(1.2) 



5k = *74 ,k = 1,2,3 , 



<5 4 = 7574 ■ 
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the present proposal will be suited for future lattice computations with Weyl or Dirac 
fermions will depend on the effects the extra particles have in the interacting theory. 
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2 Appendix A: Basic notations and definitions 



A fermion degree of freedom is nothing but a spin 1/2 degree of freedom. As a consequence, 
a fermion field 4>(x), is the two-component complex valued field located at some point x 
in the four dimensional Euclidean space. The equation that describes the relativistic 
dynamics of such a field is the Weyl equation: 

(d 4 ±iffV)<f>(x) = , 

where one should choose between + and - signs. It corresponds to the dispersion relation: 

ipi =F = . 

A Dirac fermion field ip(x) is the set of two Weyl fields with opposite chirality, i.e. 4>(x) 



and x( x )- The Dirac equation then reads: 

/ 



<9 4 + iff ■ V 

4 - ■ V 
Introducing the Dirac gamma-matrices in the chiral basis: 
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^0 h 
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Ik = 




, 74 = 






^ia k J 




(i, o) 



satisfying the Euclidean Dirac-Clifford algebra: 

the Dirac equation is written in the compact form: 

^7/*W(aO = • 
m 

The lattice theory can be defined by substituting differential operators with finite differ- 
ence operators. For example: 

dpif)(x) ^-(ip(x + ae M ) - ip(x - ae M )) , 

where a is the lattice spacing and e M is the unit vector along the \i direction. The 
corresponding momentum space relation is: 

i 

p M -)> - sin ap^ . 
a 

However, this correspondence leads to the doubling problem: since sin ap^ is zero at p^ = 
and Py, — - the inverse fermion propagator, 

G{pY 1 = -(i sin «P4 - ^2 ° k sin apk ^ ' 
a k 

has 16 zero locations at the 16 corners of the Brillouin zone. Hence, we have a theory 
describing 16 Weyl fermions as opposed to just one where we started! 

Appendix B: Solution of the secular equation 

In order to compute the zeros of the Weyl operator (11.11) one has to solve the secular 
equation: 

= det W(p) = (cosjt>4 — l) 2 — [sinp 4 + ^^(cospfc — l)] 2 — sin 2 pk 

k k 

+ 2i (cosp4 — 1) [sinp 4 + ^^(cospfc — 1)] . 

k 
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First notice that the imaginary part vanishes for p 4 = 0, which in turn gives a real part 
which vanishes only at p — 0. Hence, one can search the other zeros by solving the system: 



= (cosp 4 — l) 2 — ^ si 



sin p k 



= sinjo 4 + y^cospfc - 1) 



One way to solve this equations is by direct numerical search of zeros in the Brillouin 
zone. The other method is using the trigonometric identity sin 2 p 4 + cos 2 p 4 = 1 which 
gives the scalar equation: 



\ 



^(cospfe - 1) 



1 = 0. 



This reduces the numerical search in three dimensions. In both cases we have checked 
numerically that there are no more zeros than those stated in the paper. 

However, one can prove that there are no more zeros then the one in the origin and 
those at p^. For this let us compute the admissible solutions of the second equation, i.e. 

— cosp fc ) = sinp 4 < 1 <^> cospx + cosp 2 + cosp 3 > 2 . 

k 

Since each cosine is bounded by one, 

COSpi < 1 , COSP2 < 1 , COSJ93 < 1 , 

one gets three other inequalities: 

cospi + cosp 2 > 1 , cosp 2 + cosp 3 > 1 , cosp 3 + cospi > 1 . 
Using the same argument one gets three more inequalities on cosines: 



cospi > , cosp 2 > , cosp 3 > 



Denoting Xk = cospk, k = 1, 2, 3, then the admissible solutions lie within the unit cube of 
the positive cone above the plane x\ + x<i + x 3 > 2. This is the tetrahedron with vertices 
(1,1,1), (0,1,1), (1,0,1), (1,1,0). 

Now we show that there are no solutions in the inner points of the tetrahedron except 
at the vertices. Since cospfe > 0, we can write: 

cos 2 p fc - 1 = (cospfe - l)(cosp fc + 1) > cospfe - 1 • 
One the other hand we have: 

cos 2 pfe < cospfc , k = 1,2,3. 
These inequalities, taken together with the previous one, imply that: 

cos 2 p fc = cosp fc , 

which is only possible at the vertices of the tetrahedron. The vortex (1,1,1) gives the zero 
at the origin which is doubly degenerated. The vertices (0, 1, 1), (1, 0, 1), (1, 1, 0) give two 
zeros each, exactly those located at pf,pf and pf . This way, we have given a constructive 
proof for the zeros of our action. 
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